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Two-particle entanglement as a property of three-particle entangled states∗
Jose´ L. Cereceda
C/Alto del Leo´n 8, 4A, 28038 Madrid, Spain
(27 May 1999)
In a recent article [Phys. Rev. A 54, 1793 (1996)] Krenn and Zeilinger investigated the conditional
two-particle correlations for the subensemble of data obtained by selecting the results of the spin
measurements by two observers 1 and 2 with respect to the result found in the corresponding
measurement by a third observer. In this paper we write out explicitly the condition required in
order for the selected results of observers 1 and 2 to violate Bell’s inequality for general measurement
directions ~e1, ~e
′
1, ~e2, ~e
′
2, and ~e3. It is shown that there are infinitely many sets of directions giving
the maximum level of violation. Further, we extend the analysis by the authors to the class of
triorthogonal states |Ψ〉 = c1|z1〉|z2〉|z3〉+ c2|−z1〉|−z2〉|−z3〉. It is found that a maximal violation
of Bell’s inequality occurs provided the corresponding three-particle state yiels a direct (“all or
nothing”) nonlocality contradiction.
PACS number(s): 03.65.Bz
I. INTRODUCTION
Recently, Krenn and Zeilinger [1] (hereafter referred to
as KZ) have shown that situations can arise where the
property of entanglement of quantum systems is itself an
entangled property. For that purpose they considered
a three-particle system described by the Greenberger-
Horne-Zeilinger (GHZ) state [2]
|Ψ〉 = 1√
2
(|z+〉1|z+〉2|z+〉3 + |z−〉1|z−〉2|z−〉3), (1)
where |z+〉i (|z−〉i) represents a state of spin-up (-down)
for particle i, i = 1, 2, 3, along some quantization z axis
which in general will differ from one particle to the other.
We can regard the three particles as flying apart from a
common source, each of them subsequently entering its
own Stern-Gerlach apparatus oriented along an arbitrary
measurement direction ~ei in three-dimensional space, this
direction being specified by the polar and azimuthal an-
gles ϑi and ϕi. It is assumed that at the time of mea-
surement the particles 1, 2, and 3 may be arbitrarily far
apart so that the acts of measurement by respective ob-
servers 1, 2, and 3 can be considered to have a spacelike
separation. KZ first showed that the correlation function
E12 obtained by unconditionally averaging the products
of the results of the measurements on particles 1 and 2
factorizes into a product of two functions, one of them
related to particle 1 and the other related to particle 2,
so that we can always think of such results as being clasi-
cally correlated. Next the authors examined a situation
in which observer 3, independent of observers 1 and 2,
performs spin measurements on particle 3 along direc-
tion ~e3. The results obtained by observer 3 are then used
to classify the results of observers 1 and 2 into two dis-
tinct subensembles: whenever a result +1 (−1) is found
for particle 3 in a particular run of the experiment, the
corresponding results for particles 1 and 2 are assigned
to subensemble + (−). KZ demonstrated that an en-
tanglement between particles 1 and 2 indeed occurs by
showing that for certain measurement directions ~e3 the
resulting correlation function E+12 (E
−
12) for subensemble
+ (−) can yield a violation of Bell’s inequality. Since
the degree of entanglement within either subensemble +
or − depends on the measurement direction ~e3, and due
to the fact that the spin measurements are carried out
on the particles in spacelike separated regions, KZ came
to the conclusion that the property of entanglement de-
pends on the whole measurement context and therefore
becomes an entangled property itself.
In this paper we state the general condition for the vio-
lation of a Bell inequality involving the selected results in
either one of the above-defined subensembles. In partic-
ular, constraints for a maximal violation are given. This
is done in a way that explicitly shows the dependence of
the entanglement of the subensembles on the setting of a
measuring apparatus which can be located in a spacelike
separated region. Furthermore, we extend the analysis
of KZ to include a more general type of three-particle
states than that appearing in Eq. (1). Specifically, we
shall consider the class of states which can be written in
the triorthogonal form [3]
|Ψ〉 = c1|z1〉|z2〉|z3〉+ c2| − z1〉| − z2〉| − z3〉, (2)
where, for simplicity, the coefficients c1 and c2 are chosen
real, with c21 + c
2
2 = 1, and where |zi〉 (| − zi〉) denotes
the eigenvector of the spin operator along the z axis for
particle i, with eigenvalue zi = ±1 (−zi = ∓1). Clearly,
the state in Eq. (2) reduces to the GHZ state (1) when
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we put c1 = c2 = 1/
√
2, and z1 = z2 = z3 = +1. How-
ever, for the class of states considered, it is shown that
no violations of local realism can arise within the un-
conditional ensemble constructed by selecting the results
obtained by two of the observers (say, by observers 1 and
2) irrespective of the result obtained in the corresponding
measurement by the third observer. As will presently be
seen, this unrestricted selection of the data provided by
the results of observers 1 and 2 involves the incoherent
mixture of two pure states |Ψ+12〉 and |Ψ−12〉 for particles 1
and 2, with weighting factors given by the probability of
getting the result z3 and −z3, respectively, in a spin mea-
surement on particle 3 along the axis ~e3(ϑ3, ϕ3). Such a
mixture, however, turns out to be completely equivalent
to a mixture of two product states for particles 1 and 2,
and then no violation of a Bell inequality will occur for
the above-defined unconditional ensemble.
II. UNCONDITIONAL TWO-PARTICLE
CORRELATIONS FOR THE CLASS OF
TRIORTHOGONAL STATES
In order to determine under which conditions the cor-
relation between the measurement results for particles
1 and 2 can lead to a violation of Bell’s inequality it
is convenient to introduce another set of basis states
{|z3〉∗, |−z3〉∗} for particle 3, related to the original basis
vectors by
|z3〉 = cos ϑ3
2
eiz3ϕ3/2|z3〉∗ − z3 sin ϑ3
2
eiz3ϕ3/2| − z3〉∗,
(3a)
| − z3〉 = z3 sin ϑ3
2
e−iz3ϕ3/2|z3〉∗ + cos ϑ3
2
e−iz3ϕ3/2| − z3〉∗.
(3b)
Using Eqs. (3a) and (3b) we can rewrite the three-particle
state (2) as
|Ψ〉 = p1/2+ |Ψ+12〉|z3〉∗ + p1/2− |Ψ−12〉| − z3〉∗, (4)
where
|Ψ+12〉 = p−1/2+
(
c1 cos
ϑ3
2
|z1〉|z2〉
+ c2z3 sin
ϑ3
2
e−iz3ϕ3 | − z1〉| − z2〉
)
, (5a)
|Ψ−12〉 = p−1/2−
(
−c1z3 sin ϑ3
2
|z1〉|z2〉
+ c2 cos
ϑ3
2
e−iz3ϕ3 | − z1〉| − z2〉
)
, (5b)
and
p+ = c
2
1 cos
2
(
ϑ3
2
)
+ c22 sin
2
(
ϑ3
2
)
, (6a)
p− = c
2
1 sin
2
(
ϑ3
2
)
+ c22 cos
2
(
ϑ3
2
)
. (6b)
Since the basis vectors | ± z3〉 represent definite spin
±z3 along the z axis for particle 3, the basis vectors
| ± z3〉∗ represent definite spin ±z3 for particle 3 along
the direction characterized by the angles ϑ3 and ϕ3. In
view of Eq. (4) it thus follows that, provided ϑ3 6= nπ,
n = 0,±1,±2, . . . , a spin measurement on particle 3
along (an otherwise arbitrary) direction ~e3(ϑ3, ϕ3) leaves
the particles 1 and 2 in an entangled state. Specifi-
cally, if the measurement result for particle 3 is found
to be z3, the normalized two-particle state for particles 1
and 2 becomes |Ψ+12〉, whereas for a measurement result
equal to −z3 it becomes |Ψ−12〉. However, from expres-
sion (4), we can see that the probability of obtaining
the result z3 (−z3) in a spin measurement on particle 3
along the axis ~e3(ϑ3, ϕ3) is p+ (p−). Of course we have
p+ + p− = 1. It will further be noted that the states
|Ψ+12〉 and |Ψ−12〉 are orthogonal to each other provided
that |c1| = |c2| = 1/
√
2.
If we analyze the results of observers 1 and 2 only when
observer 3 obtains the result z3 (−z3) (i.e., if we restrict
ourselves to either one of subensembles + or −) then the
adequate state describing the spin of particles 1 and 2 will
be the pure state |Ψ+12〉 (|Ψ−12〉). However, if we attemp
to analyze the results of observers 1 and 2 irrespective of
what result happens to be measured by observer 3 in the
corresponding measurement along direction ~e3 (i.e., if we
consider the total ensemble formed out of subensembles
+ and −), then the appropriate state accounting for par-
ticles 1 and 2 will consist of a mixture of both pure states
|Ψ+12〉 and |Ψ−12〉 with respective weights p+ and p−; that
is,
ρ12 = p+|Ψ+12〉〈Ψ+12|+ p−|Ψ−12〉〈Ψ−12|. (7)
It is a rather simple matter to show that the density ma-
trix (7) can also be decomposed in the form
ρ12 = c
2
1|φ+12〉〈φ+12|+ c22|φ−12〉〈φ−12|, (8)
with |φ+12〉 = |z1〉|z2〉, and |φ−12〉 = |−z1〉|−z2〉. It should
be noted at this point that both expressions (7) and (8)
for ρ12 can also be obtained by taking the partial trace of
the density operator |Ψ〉〈Ψ| over the states corresponding
to particle 3. So, on choosing the basis states for particle
3 to be {|z3〉∗, | − z3〉∗}, we can put
ρ12 =
∗〈z3|Ψ〉〈Ψ|z3〉∗ + ∗〈−z3|Ψ〉〈Ψ| − z3〉∗.
Replacing now |Ψ〉 by the state in Eq. (4) we obtain
quickly the density matrix (7). Likewise, by tracing over
the states {|z3〉, | − z3〉} we get
ρ12 = 〈z3|Ψ〉〈Ψ|z3〉+ 〈−z3|Ψ〉〈Ψ| − z3〉,
2
which can be identified with the density matrix (8) upon
substitution of |Ψ〉 by the state vector (2).
The important point about the decomposition in Eq.
(8) is that, as both |φ+12〉 and |φ−12〉 are product states,
none of them violates Bell’s inequalities, and then the
same will be true for the mixed state ρ12 [4]. Indeed,
one can easily find that the quantum prediction for the
unconditional correlation function of the results of spin
measurements on particles 1 and 2 along directions ~e1
and ~e2, respectively, is
E12(~e1, ~e2) = Tr[ρ12σ(~e1)⊗ σ(~e2)]
= ± cosϑ1 cosϑ2, (9)
where the matrix ρ12 used in Eq. (9) stands for either
one of expressions (7) or (8), and where the + (−) sign
applies for sgnz1 = sgnz2 (sgnz1 6= sgnz2). So, in order
to search for genuinely quantal correlations involving the
pair of particles 1 and 2 it is necessary to consider the
measurement results pertaining to either subensemble +
or − separately. As a result, in the following we shall
deal with the pure state |Ψ+12〉 or |Ψ−12〉, rather than with
the mixed state ρ12.
It is worth noting that the inability of the entangled
three-particle state (2) to yield nonlocal correlations in-
volving the unconditional measurement results for two of
the particles can be traced back to the orthogonality of
the states |zi〉 and | − zi〉, for each i = 1, 2, and 3. So
we can say that the lack of such nonlocal, unconditional
two-particle correlations indeed constitutes a significant
feature inherent in the class of triorthogonal states. In
Sec. IV we shall generalize this result to the class of n-
orthogonal states.
III. MAXIMAL VIOLATION OF THE CHSH
INEQUALITY: NECESSARY CONDITIONS
The Clauser-Horne-Shimony-Holt (CHSH) form of the
Bell inequality is [5]
|〈BCHSH〉| ≤ 2 , (10)
where 〈BCHSH〉 denotes the expectation value of the Bell
operator [6]
BCHSH ≡ σ(~e1)⊗ [σ(~e2) + σ(~e ′2)] + σ(~e ′1)
⊗ [σ(~e2)− σ(~e ′2)] , (11)
with ~ei and ~e
′
i denoting two different alternative direc-
tions for spin measurements on particle i. As long as
ϑ3 6= nπ, either two-particle state (5a) or (5b) will be
able to violate the CHSH inequality for a suitable choice
of measurement directions ~e1, ~e
′
1, ~e2, and ~e
′
2 [7,8]. Now,
the quantum prediction for the correlation function E+12
(E−12) associated with subensemble + (−) is given by
E±12(~e1, ~e2) = 〈Ψ±12|σ(~e1)⊗ σ(~e2)|Ψ±12〉
= γ cosϑ1 cosϑ2 ± z3(c1c2/p±) sinϑ1 sinϑ2
× sinϑ3 cos(ϕ1 + γϕ2 + z1z3ϕ3), (12)
where γ is a sign factor with value +1 (−1) for sgnz1 =
sgnz2 (sgnz1 6= sgnz2). Incidentally, it will be noted that
for ϑ3 = nπ we have E
±
12 = γ cosϑ1 cosϑ2, and hence it is
not possible a violation of Bell’s inequality for any choice
of directions ~e1, ~e
′
1, ~e2, ~e
′
2. Of course this arises from
the fact that the superposition state (2) reduces to the
unentangled term |z1〉|z2〉|z3〉 or |−z1〉|−z2〉|−z3〉 when-
ever a spin measurement along the z axis is performed
on particle 3. Further, as expected, for either c1 = 0
or c2 = 0 (i.e., for product states) no violation can hap-
pen. Therefore, for general directions ~e1, ~e
′
1, ~e2, ~e
′
2, and
~e3, the relevant predictions by quantum mechanics will
violate inequality (10) if
|γ[cosϑ1 cosϑ2 + cosϑ1 cosϑ′2 + cosϑ′1 cosϑ2
− cosϑ′1 cosϑ′2]± z3(c1c2/p±)[sinϑ1 sinϑ2 sinϑ3
× cos(ϕ1 + γϕ2 + z1z3ϕ3) + sinϑ1 sinϑ′2 sinϑ3
× cos(ϕ1 + γϕ′2 + z1z3ϕ3) + sinϑ′1 sinϑ2 sinϑ3
× cos(ϕ′1 + γϕ2 + z1z3ϕ3)− sinϑ′1 sinϑ′2 sinϑ3
× cos(ϕ′1 + γϕ′2 + z1z3ϕ3)]| > 2. (13)
It should be realized that, by suitable choosing the z
axis for each of the particles, any entangled state for
two spin- 12 particles can be put into the form displayed
by either one of Eqs. (5a) or (5b). So the above condi-
tion (13) for the violation of the CHSH inequality turns
out to be completely general as far as pure states are
concerned. For the special case in which ϑ′1 = ϑ1,
ϑ′2 = ϑ2, ϕ
′
1 = ϕ1 + π/2, γϕ
′
2 = γϕ2 + π/2, and
ϕ1+γϕ2+ z1z3ϕ3 = 3π/4+nπ, condition (13) simplifies
to
|γ cosϑ1 cosϑ2 ± µz3(c1c2/p±)
√
2 sinϑ1 sinϑ2 sinϑ3| > 1,
(14)
where µ is a sign factor equal to +1 (−1) for n odd (even).
From expression (14) it follows that, as long as ϑ′1 = ϑ1
and ϑ′2 = ϑ2, a maximal violation of the CHSH inequal-
ity occurs provided that (i) |c1| = |c2| = 1/
√
2, and (ii)
ϑ1 = ϑ2 = ϑ3 = π/2. Clearly, condition (ii) entails that
all measurement directions ~e1, ~e
′
1, ~e2, ~e
′
2, and ~e3 must
lie in the x-y plane.
A few remarks should be added here. In the first place,
it is to be noted that the requirements |c1| = |c2| = 1/
√
2
and ϑ3 = π/2 together imply that either state (5a) or
(5b) is maximally entangled. This is consistent with the
fact according to which a maximally entangled state not
only gives the maximum violation of the CHSH inequal-
ity but also gives the largest violation attainable for any
pairs of four spin observables σ(~e1), σ(~e
′
1), σ(~e2), and
σ(~e ′2) (provided ~e1 ∦~e
′
1, and ~e2 ∦~e
′
2) [9]. Therefore, both
condition (i) and the requirement ϑ3 = π/2 turn out to
be absolutely necessary in order to achieve the largest
violation, no matter what the orientation of ~e1, ~e
′
1, ~e2,
3
and ~e ′2 may be. However, for the special case leading to
Eq. (14) we have that the two measurement directions ~ei
and ~e ′i for particle i (i = 1, 2) giving the maximal vio-
lation are perpendicular between themselves. That this
orthogonality condition is not incidental can be seen by
computing the square of the Bell operator (11). This is
given by [9]
B2CHSH = 4(I + sin θ1 sin θ2 σ⊥1 ⊗ σ⊥2), (15)
where θi is the angle included between the vectors ~ei
and ~e ′i, and σ⊥i denotes the spin operator for particle
i along the direction perpendicular to the plane con-
taining ~ei and ~e
′
i. From Eq. (15) it follows that the
largest eigenvalue of BCHSH is (in terms of the abso-
lute value) λl = 2(1 + | sin θ1 sin θ2|)1/2, so that a max-
imum violation is obtained when both θ1 and θ2 are
π/2 (mod π). The eigenvector associated with λl will
consist of a superposition of the states |σ⊥1〉|σ⊥2〉 and
| − σ⊥1〉| − σ⊥2〉 with an appropriate relative phase be-
tween them, where |σ⊥i〉 (| − σ⊥i〉) denotes the eigen-
vector of σ⊥i with eigenvalue σ⊥i = ±1 (−σ⊥i = ∓1),
and where sgnσ⊥1 = sgnσ⊥2 (sgnσ⊥1 6= sgnσ⊥2) for
sgn(sin θ1) = sgn(sin θ2) [sgn(sin θ1) 6= sgn(sin θ2)]. As
was mentioned, such a superposition state has to be com-
pletely entangled in order to get the largest possible vio-
lation [9].
A question that naturally arises is whether the above
conditions on the measurement directions, namely, ϑ1 =
ϑ′1 = π/2, ϑ2 = ϑ
′
2 = π/2, ϕ
′
1 = ϕ1 + π/2, γϕ
′
2 =
γϕ2 + π/2, and ϕ1 + γϕ2 + z1z3ϕ3 = 3π/4 + nπ ex-
haust all the possibilities for a maximal violation of
the CHSH inequality. The answer is certainly no. In-
deed, there are infinitely many ways of achieving such a
maximum. This follows directly from the fact that the
Schmidt decomposition of a maximally entangled state is
not unique. So, for example, consider the state (5a) with
c1 = −c2 = 1/
√
2, ϑ3 = π/2, ϕ3 = 0, z1 = −z2 = +1,
and z3 = +1. The resulting singlet state can be equally
expressed in an infinite number of alternative forms by
replacing the quantization z axis with any other unit vec-
tor n in three-dimensional space. Put it, for instance, as
|Ψ+12〉 =
1√
2
(|y+〉1|y−〉2 − |y−〉1|y+〉2), (16)
where |y+〉1 represents spin-up along the y axis for parti-
cle 1. Hence, according to the previous paragraph, there
must be measurement directions ~e1, ~e
′
1, ~e2, and ~e
′
2 in the
x-z plane (with ~e1 ⊥ ~e ′1 and ~e2 ⊥ ~e ′2) such that inequal-
ity (10) is maximally violated for the singlet state. As
an example, take the choice ϑ1 = 0, ϕ1 = 0, ϑ
′
1 = π/2,
ϕ′1 = 0, ϑ2 = π/4, ϕ2 = 0, ϑ
′
2 = −π/4, and ϕ′2 = 0. Sub-
stituting these values (together with c1 = −c2 = 1/
√
2,
ϑ3 = π/2, ϕ3 = 0, γ = −1, and z3 = +1) into the left-
hand side of inequality (13) gives the maximum violation
2
√
2. Since the unit vector n is quite arbitrary, we con-
clude that there are infinitely many sets of directions ~e1,
~e ′1, ~e2, and ~e
′
2 satisfying the equality
|cosϑ1 cosϑ2 + cosϑ1 cosϑ′2 + cosϑ′1 cosϑ2
− cosϑ′1 cosϑ′2 + sinϑ1 sinϑ2 cos(ϕ1 − ϕ2)
+ sinϑ1 sinϑ
′
2 cos(ϕ1 − ϕ′2) + sinϑ′1 sinϑ2
× cos(ϕ′1 − ϕ2)− sinϑ′1 sinϑ′2 cos(ϕ′1 − ϕ′2)| = 2
√
2. (17)
Another example which provides the maximum level of
violation is ϕ1 = ϕ
′
1 = ϕ2 = ϕ
′
2 = ϕ0, ϑ1 = ϑ0 − π/4,
ϑ′1 = ϑ0 + π/4, ϑ2 = ϑ0, and ϑ
′
2 = ϑ0 − π/2, with ϕ0
and ϑ0 taking on any arbitrary value. Note that this ex-
ample includes the previous one when we make ϕ0 = 0
and ϑ0 = π/4. In any case, as was shown, to achieve
the maximum violation it is necessary that the vectors ~ei
and ~e ′i (i = 1, 2) be perpendicular between themselves.
This orthogonality condition, however, is not a sufficient
one, as is clear from the preceding example (indeed, for
this example, in addition to this condition it is neces-
sary that ϑ2 = ϑ1 + π/4). Note also that the directions
giving the largest violation of the CHSH inequality for
the singlet state must satisfy in all cases the constraint
sgn(sin θ1) 6= sgn(sin θ2). This is because the singlet state
is an eigenvector of the operator σn1 ⊗ σn2 (where σni
denotes the spin operator along the n axis for particle
i) with eigenvalue −1, and so, from Eq. (15), the factors
sin θ1 and sin θ2 must be opposite in sign in order to get
the largest violation.
Consider now the state (5a) with c1 = c2 = 1/
√
2,
ϑ3 = π/2, ϕ3 = 0, z1 = −z2 = +1, and z3 = +1. Un-
like the singlet state, the resulting triplet state is not
rotationally invariant. However, it can also be written in
an infinity of equivalent biorthogonal forms. Put it, for
instance, as
|Ψ+12〉 =
1√
2
(|x+〉1|x+〉2 − |x−〉1|x−〉2), (18)
where |x+〉1 represents spin-up along the x axis for parti-
cle 1. So, there will be measurement directions ~e1, ~e
′
1, ~e2,
and ~e ′2 (with ~e1 ⊥ ~e ′1 and ~e2 ⊥ ~e ′2) in the y-z plane al-
lowing maximal violation of inequality (10) for the triplet
state. As an example, take the choice ϑ1 = 0, ϕ1 = π/2,
ϑ′1 = −π/2, ϕ′1 = π/2, ϑ2 = π/4, ϕ2 = π/2, ϑ′2 = −π/4,
and ϕ′2 = π/2. As may easily be checked, these values
fulfill the equality
|cosϑ1 cosϑ2 + cosϑ1 cosϑ′2 + cosϑ′1 cosϑ2
− cosϑ′1 cosϑ′2 − sinϑ1 sinϑ2 cos(ϕ1 − ϕ2)
− sinϑ1 sinϑ′2 cos(ϕ1 − ϕ′2)− sinϑ′1 sinϑ2
× cos(ϕ′1 − ϕ2) + sinϑ′1 sinϑ′2 cos(ϕ′1 − ϕ′2)| = 2
√
2. (19)
Actually, having established that there exist infinitely
many sets of directions satisfying the equality (17) for the
singlet state, it is immediate to see that the same hols for
the above equality (19) corresponding to the triplet state.
Indeed, comparing the expressions in Eqs. (17) and (19),
it follows at once that if the set of directions ~e1(ϑ1, ϕ1),
~e ′1(ϑ
′
1, ϕ
′
1), ~e2(ϑ2, ϕ2), and ~e
′
2(ϑ
′
2, ϕ
′
2) fulfill the equality
4
(17), then the set of directions ~e1(−ϑ1, ϕ1), ~e ′1(−ϑ′1, ϕ′1),
~e2(ϑ2, ϕ2), and ~e
′
2(ϑ
′
2, ϕ
′
2) do satisfy the equality (19)
[alternatively, the set of directions ~e1(ϑ1, ϕ1), ~e
′
1(ϑ
′
1, ϕ
′
1),
~e2(−ϑ2, ϕ2), and ~e ′2(−ϑ′2, ϕ′2) also will do].
A reasoning similar to that developed for the singlet
and triplet states could equally be established for any
other state of the form (5a) or (5b) for which |c1| = |c2| =
1/
√
2 and ϑ3 = π/2, thereby showing that for every max-
imally entangled state there are infinitely many sets of
directions giving the maximal violation of the CHSH in-
equality. As we have already said, such infinity of di-
rections arises due to the nonuniqueness of the Schmidt
decomposition of a maximally entangled state.
IV. CONCLUDING REMARKS
Lastly, a further remark is in order about the relation-
ship between the conditions needed to maximally violate
the CHSH inequality and those required by the three-
particle state (2) to produce a direct (“all or nothing”)
nonlocality contradiction [2,10]. As pointed out by KZ,
it is remarkable that the same type of spin measurements
involved in the two-particle case also forms the basis of
the argument leading to the GHZ contradiction [10]. This
connection can be best appreciated when we generalize
the CHSH inequality to a measurement scheme involving
three spin- 12 particles. The appropriate inequality is of
the form [11]
|〈BH〉| ≤ 2 , (20)
where now the relevant Bell operator is
BH ≡ [σ(~e1)⊗ σ(~e ′2) + σ(~e ′1)⊗ σ(~e2)]⊗ σ(~e ′3)
+ [σ(~e ′1)⊗ σ(~e ′2)− σ(~e1)⊗ σ(~e2)]⊗ σ(~e3). (21)
As in the two-particle case, it can be shown [12] that
in order for the three-particle state (2) to yield the
largest violation of the inequality (20) it is necessary that
|c1| = |c2| = 1/
√
2. However, the largest eigenvalue of
the Bell operator (21) is given by [12]
λl = 2 (1 + | sin θ1 sin θ2|+ | sin θ2 sin θ3|
+ | sin θ1 sin θ3|)1/2, (22)
so that a maximum violation occurs provided that ~ei ⊥
~e ′i for each i = 1, 2, 3. The corresponding eigenvector
will consist of an equally weighted superposition of the
states |σ⊥1〉|σ⊥2〉|σ⊥3〉 and | − σ⊥1〉| − σ⊥2〉| − σ⊥3〉 with
a relative phase between them. As before, θi is the angle
between the vectors ~ei and ~e
′
i, and |σ⊥i〉 (|−σ⊥i〉) denotes
the eigenvector [with eigenvalue σ⊥i = ±1 (−σ⊥i = ∓1)]
of the spin operator for particle i along the direction per-
pendicular to both ~ei and ~e
′
i. Likewise, the relative signs
of the eigenvalues σ⊥1, σ⊥2, and σ⊥3 entering the super-
position will depend on the relative signs of sin θ1, sin θ2,
and sin θ3. [Note that the maximum amount of viola-
tion of inequality (20) predicted by quantum mechanics
is by a factor of 2 instead of the factor
√
2 achieved in
the CHSH inequality. This fact conforms to the existence
of Bell type inequalities which yield a violation increas-
ing exponentially with the number of particles [13].] The
point we want to emphasize here is that, as shown by
Hardy [11], a maximum violation of inequality (20) al-
ways entails a contradiction of the GHZ type. A simple
illustration of this statement is provided by the choice
σ(~ei) ≡ σ(xi) and σ(~e ′i) ≡ σ(yi), i = 1, 2, 3, where σ(xi)
[σ(yi)] denotes the spin operator along the x axis (y axis)
for particle i. For this choice of operators we find that
|〈BH〉| = 4 whenever the expectation value is evaluated
for the state vector (1). As is well known, both the op-
erators σ(xi) and σ(yi), and the state vector (1), form
the basis of Mermin’s exposition on the GHZ theorem
[14].1 It is worth noting that the plane containing the
measurement directions ~ei and ~e
′
i (i = 1, 2, 3) giving the
largest violation of inequality (20) is fixed by the quan-
tum state since, in contrast to the two-particle case, the
triorthogonal decomposition in Eq. (2) is unique even if
the coefficients c1 and c2 are equal [3].
We conclude by noting that the present treatment re-
garding the three-particle state (2) can be readily ex-
tended to n-particle states (n ≥ 3) of the form
|Ψ〉 = c1|z1〉|z2〉 · · · |zn〉+ c2| − z1〉| − z2〉 · · · | − zn〉.
(23)
Indeed, by letting |zj〉∗ be
|zj〉∗ = cos ϑj
2
e−izjϕj/2|zj〉+ zj sin ϑj
2
eizjϕj/2| − zj〉,
(24)
with j = N + 1, N + 2, . . . , n, and N = 2, 3, . . . , n− 1,
and projecting |Ψ〉 onto the direct product state
1Actually, the state employed by Mermin was |φ〉 =
1/
√
2 (|z+〉1|z+〉2|z+〉3 − |z−〉1|z−〉2|z−〉3). For this state,
and for the above choice of operators, we have 〈BH〉 = 4,
whereas for the state in Eq. (1) we have 〈BH〉 = −4. In any
case, both |φ〉 and the state vector (1) provide the maximum
violation of inequality (20) in terms of the absolute value, and
both states can lead to the GHZ contradiction.
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|zN+1〉∗|zN+2〉∗ · · · |zn〉∗, one finds that the resulting N -
particle state |Ψ+12···N 〉,
p
1/2
+ |Ψ+12···N 〉 = ∗〈zN+1|∗〈zN+2| · · · ∗〈zn||Ψ〉, (25)
is entangled for every choice of |zj〉∗ except for the case
in which ϑj happens to be a multiple of π. In Eq. (25),
p+ is a normalization factor given by
p+ = c
2
1
n∏
j=N+1
cos2
(
ϑj
2
)
+ c22
n∏
j=N+1
sin2
(
ϑj
2
)
, (26)
while the state vector |Ψ+12···N 〉 is found to be
|Ψ+12···N 〉 = p−1/2+
[
c1 cos
ϑN+1
2
cos
ϑN+2
2
· · · cos ϑn
2
×|z1〉|z2〉 · · · |zN 〉+ c2(zN+1)(zN+2) · · · (zn)
× sin ϑN+1
2
sin
ϑN+2
2
· · · sin ϑn
2
×e−i(zN+1ϕN+1+zN+2ϕN+2+···+znϕn)
×| − z1〉| − z2〉 · · · | − zN 〉
]
. (27)
Clearly, expressions (26) and (27) reduce to Eqs. (6a)
and (5a), respectively, when we take N = 2 and n = 3.
Similarly, by taking the partial trace of |Ψ〉〈Ψ| over the
states corresponding to particles N +1, N +2, . . . , n, one
finds that the reduced density matrix associated with the
remaining N -particle system is
ρ12···N = c
2
1|φ+12···N 〉〈φ+12···N |+ c22|φ−12···N 〉〈φ−12···N |, (28)
with |φ+12···N 〉 and |φ−12···N 〉 being |z1〉|z2〉 · · · |zN〉 and
| − z1〉| − z2〉 · · · | − zN〉, respectively. This implies that
no violation of local realism can result from joint mea-
surements performed on particles 1, 2, . . . , N alone if such
measurements are made without any commitment to the
results obtained for particlesN+1, N+2, . . . , n (as a mat-
ter of fact, no actual measurements need to be performed
on particlesN+1, N+2, . . . , n if we are looking at the un-
conditional correlation function for particles 1, 2, . . . , N,
since this latter is, by definition, fully independent of
whatever measurements on particles N+1, N+2, . . . , n).
Indeed, it is not difficult to show that the quantum
prediction for the unconditional correlation function of
the results of spin measurements on particles 1, 2, . . . , N
along respective directions ~e1, ~e2, . . . , ~eN is given by
E12···N(~e1, ~e2, . . . , ~eN )
= Tr[ρ12···Nσ(~e1)⊗ σ(~e2)⊗ · · · ⊗ σ(~eN )]
= z1z2 · · · zN cosϑ1 cosϑ2 · · · cosϑN , (29)
which generalizes Eq. (9). Thus we have proved that, for
the class of n-orthogonal states in Eq. (23), the uncondi-
tional N -particle correlations are compatible with local
realism for any N = 2, 3, . . . , n− 1.
However, by adequately generalizing the CHSH in-
equality to an N -measurement scheme [11], one could
equally prove [12] that in order for the state (27) to yield
the largest violation of the appropriate Bell inequality it
is necessary that the c numbers in front of |z1〉|z2〉 · · · |zN 〉
and |−z1〉|−z2〉 · · · |−zN 〉 have the same modulus.2 Ob-
viously, when applied to the state (23), this condition
means that |c1| = |c2| = 1/
√
2. This in turn implies that
all observers N +1, N+2, . . . , n must perform spin mea-
surements within the respective x-y plane (i.e., ϑj = π/2
for all j) if the remaining state |Ψ+12···N 〉 for the other
N particles is to violate maximally Bell’s inequality. In
any case, the amount of violation, if any, does depend
on the value of measurement parameters ϑj and ϕj at-
tached to measuring apparatuses which can operate quite
independent (e.g., in a spacelike separated region) from
the corresponding apparatuses used to measure the spin
of particles 1, 2, . . . , N, thus giving rise to a generic en-
tangled entanglement of the kind contemplated by Krenn
and Zeilinger [1]. [The dependence of the entanglement
on the ϑj ’s as well as the dependence on the relative
phase of |Ψ+12···N 〉 on the ϕj ’s are made explicit in Eq.
(27).]
2Notice that, in contrast with the situation above concerning
the density matrix ρ12···N , any eventual description of parti-
cles 1, 2, . . . , N in terms of the pure state |Ψ+
12···N
〉 is subject to
the occurrence of the results zN+1, zN+2, . . . , zn for spin mea-
surements performed on particles N + 1, N + 2, . . . , n along
the respective directions ~eN+1, ~eN+2, . . . , ~en [see Eq. (25)].
Clearly the probability for such an event is p+.
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